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A Hilbert space is a prehilbert space which is complete. Any finite dimen-
sional prehilbert space is a Hilbert space by (5.9.1); other examples of
Hilbert spaces will be constructed in Section 6.4.
If in example (6.1.4) we take a > 0, b ^ 0, c ^ 0, it can be shown that
the prehilbert space thus defined is not complete.
PROBLEMS
 1.	Prove the last statement in the case a—I, b — c = 0 (see Section 5.1, Problem 1).
 2.	(a)   Let E be a real normed space such that, for any two points x, y of E,
Show that f(x,y) = \\x + y\\2 — ||x||2 — \\y\\2 is a positive nondegenerate hermitian
form on E. (In order to prove that f(Xx, y) = Xf(x, y), use Problem 1 of Section 5.5.)
 (b)	Let E be a complex normed space, E0 the underlying real vector space. Suppose
there exists on E0 a symmetric bilinear forrn/(jc, y) such that/(jt, jc) = ||.r||2 for every
x e E0 . Show that there exists a hermitian form g(x, y) on E such that f(x, y) =
^(#O,X)), hence g(x,x)= \\x\\2 for x e E. (Using the first formula of Problem 1
of Section 6.1, prove that/(/x, y) = —f(x, /».)
 (c)	Let E be a complex normed space such that
Il*--j'll2 + II* + y\\2^2(\\x\\2+ \\y\\2)
for any pair of points jc, y of E. Show that there exists a nondegenerate positive hermi-
tian form/(A', y) on E such that /(x, x) = ||*||2. (Use (a) and (b)).
 3.	Let /be a positive nondegenerate hermitian form. In order that both sides of (6.2.1) be
equal, it is necessary and sufficient that x and y be linearly dependent. In order that
both sides of (6.2.3) be equal, it is necessary and sufficient that x and y be linearly
dependent, and, if both are 7^ 0, that y = Xx, with A real and ^ 0.
 4.	Let a, b, c, d be four points in a prehilbert space E. Show that
||a~c||- \\b-d\\^ \\a~~b\\- \\c-d\\+ \\b-c\\ • \\a-d\\.
(Reduce the problem to the case a ~ 0, and consider in E the transformation
jc->jjc/||;c||2, defined for x ^ 0.) When are both sides of the inequality equal?
5.   Let (xi)i^t$n be a finite sequence of points in a prehilbert space E. Show that
n	n
t<J       l	J	i=l	*=1
If  \\xi-Xj\\^2 for /=£,/, show that a ball containing all the xt has a radius
3. ORTHOGONAL PROJECTION  ON A COMPLETE SUBSPACE
(6.3.1)   Let E be a prehilbert space, F a complete vector subspace ofE (i.e. a
Hilbert space). For any xeE, there is one and only one point y = PF(X) e F

